Abstract. We describe the multisymplectic formulation of the dynamics of the pseudoholomorphic embeddings of Riemann surfaces into strictly almost Kähler ambient manifolds. The non-integrability of the almost Kähler structure is an obstruction to the use of the manifestly non-covariant formalism of Dirac and Bergman. We deduce the non-Abelian deformation algebra, implicitly introduced by Witten, from natural geometric structures on certain multisymplectic manifolds. We then describe the application of the authors multisymplectic BRST formalism to this model and find that: (i) the "(supersymmetry) multiplet and its dualities" introduced ab initio by Witten arise naturally from the canonical local fibre coordinates on the graded covariant phase space of the multisymplectic formulation of the classical BRST symmetry and (ii) Witten's postulated BRST algebra arises as the BRST prolongation of the non-Abelian deformation algebra. This is the first consistent Hamiltonian formulation in the strictly non-integrable case. The dynamics of pseudoholomorphic embeddings is seen to be an exemplar of a class of constrained dynamical systems requiring, for their description, a multisymplectic formalism and therefore necessitating the introduction of a multisymplectic formulation of the classical BRST symmetry.
The study of multisymplectic geometry [5, 6, 7, 24, 38] arose in the context of the search for the geometric foundations of classical field theory [8, 18, 31, 32, 33, 34] . In the paper [21] the author formulated a homological description of MarsdenWeinstein multisymplectic reduction in the generic context of free and proper group actions on multisymplectic manifolds. The paper which followed [22] returned to the specific context of those multisymplectic manifolds which form the geometric foundations of field theory and described the geometric apparatus necessary to formulate the BRST symmetry in the multisymplectic setting.
In [22] we applied the covariant Hamiltonian BRST formalism to the field theory of Yang and Mills. We discovered that the covariant Noether currents generating the gauge symmetry were polynomial in the canonical observables. This is rather interesting as these covariant Noether currents are therefore of a simpler form than the corresponding non-covariant Noether currents which depend upon the derivatives of the momenta. However, the simplification of a model with a known Hamiltonian BRST formulation, does not immediately convince one that a covariant Hamiltonian formalism is necessary. What one requires is a model which cannot be formulated in a non-covariant Hamiltonian formalism. We examine such an example in this article.
In recent studies of fundamental physics the notion of "particles" ⇐⇒ "curves" as fundamental dynamical objects has been extended by the notion of "p-branes" ⇐⇒ "p-dimensional submanifolds". Corresponding to the single parameter of curves are several parameters, the intrinsic (local) coordinates on the embedded manifold. There is therefore no obvious choice of single evolutionary parameter, that is, time. By making a choice of a hypersurface one is however able to enforce a distinction and treat the system as an infinite dimensional classical mechanical system. Then so long as any constraints of such a theory are describable in terms of functions of the derivatives of the induced coordinates with respect to the single time parameter of the (n+1) formalism, the generalised Dirac-Bergman Hamiltonian formalism may be applied to their study. That is, the generalised Dirac-Bergman Hamiltonian formalism may be applied if the constraints are functions, φ, of the form φ(u i , p j ) ≈ 0 where the u i are the generalised coordinates and p j are the generalised momenta defined by p i := ∂L/∂u j ,0 where L(x α , u i , u j ,α ) is the Lagrangian characterising the dynamical system, x α are the independent variables and u j ,0 is the time derivative of generalised coordinates, viz. the generalised velocity.
However one can imagine a more generic situation where a defining constraint on a class of embeddings is such that the constraints depend quintessentialy on the derivatives of the induced coordinates with respect to all of the several independent variables. That is, the constraints are of the form φ(u i , p An example of such a constraint is that defining the embedding, φ, of a pseudoholomorphic curve (Σ, ǫ) into a strictly almost Kähler manifold (M, ω, J), ǫ being the complex structure on Σ, ω being the symplectic structure on M, and J being the strictly almost Kähler structure on M. The following commutative diagram defines pseudoholomorphicity.
The strictly almost complex structure arises by virtue of the fact that M is symplectic. For every non degenerate two form on a symplectic manifold M there exists a compatible almost complex structure J [40] . Every symplectic manifold therefore carries a compatible almost complex structure. As a consequence of the closure of the symplectic 2-form the compatible almost complex structure on a symplectic manifold with a given Riemannian metric is in fact an almost Kähler structure [16] . Examples of symplectic manifolds with an almost Kähler structure which is not Kähler have been constructed in [39, 41, 17] . What is to follow is not therefore a vacuous exercise.
Let the local real analytic coordinates on Σ be (x α ) α=1,2 and the real analytic coordinates on M be (u i ) i=1,··· ,dim M . The pseudoholomorphicity embedding condition, expressed in terms of the multimomenta, takes the form 1 :
Note that we place emphasis here on the case of a strictly almost complex structure J on the ambient manifold. It is only in this case that the author contends that the multisymplectic formalism is indispensable. For let us suppose that the almost complex structure is integrable, i.e. we have an integrable Kähler structure. Then there exist global (anti-) holomorphic coordinates on the ambient manifold: (u a , u a * ). The pseudoholomorphicity condition then becomes u
. This equation tells us that the embedding is holomorphic so that the constraint is expressible in terms of the vanishing of a single generalised velocity, viz: u a ,z ≈ 0 where (z,z) are the global (anti-) holomorphic coordinates on the embedded Riemann surface. As a consequence one may use the Dirac-Bergman formalism in the integrable case, as has been done in the literature 2 . In the non-integrable case one cannot write the pseudoholomorphic constraint equation in terms of a single momentum. This prevents one using the usual manifestly non-covariant Hamiltonian formalism. The multisymplectic formalism is well suited to this type of constraint.
The non-integrability of the almost Kähler structure is an obstruction to the use of the Dirac-Bergman formalism.
In this article we study the particularly illuminating example of pseudoholomorphic mappings. We consider the dynamics of pseudoholomorphic mappings into a strictly almost Kähler manifold. We are able to elucidate the origin of the nonAbelian deformation algebra corresponding to the infinitesimal deformation of the pseudoholomorphic maps into almost Kähler manifolds first implicitly introduced by Witten in [42] . The existence of this non-Abelian algebra is at first sight an enigma since one would expect, a priori, the deformation algebra to be Abelian. In the literature following Witten's paper one finds the assumption that the deformation algebra is Abelian, which is why the BRST algebra was postulated, see [4, 25] , rather than derived from an underlying symmetry. We are able to deduce the the non-Abelian deformation algebra from the natural geometric structure of the vertical covariant canonical phase space of pseudoholomorphic maps. We then apply the geometric formulation of the covariant BFV formalism developed in [22] to deduce the BRST algebra postulated by Witten in [42] . This is the first consistent Hamiltonian formulation in the strictly almost Kähler case in the literature. 1 This may be explicitly verified by taking the standed form of the constraint for pseudoholomorphic mappings, viz. u i ,β ǫ β α = J i j u j ,α and Legendre transforming the usual constraint written in terms of the multivelocities. We shall not introduce the action in this paper as we emphasise here the power of the natural geometric structures of the multisymplectic formalism in determining dynamical structures.
2 Note that the primary interest in the theoretical physics community has been with the integrable case. This is because the ambient manifold was invariably chosen, due to physical grounds related to string theory, to be a Calabi-Yau manifold, which possesses an integrable Kähler structure. The non-integrablity assumes importance here as an exemplar of a field theory requiring multisymplectic geometry for its Hamiltonian description. Nowhere in this paper will we introduce an action. The dynamics is described entirely in terms of natural geometric structures. This suggests that the multisymplectic formalism might be of utility in studying those models for which an action is either not known or argued not to exist. Such models have arisen in the study of brane dynamics, in particular there are arguments that suggest that an action for the the M-theory five brane should not exist [43, 35] . Much recent progress in studying such models has been made using a purely geometrical formalism known as the superembedding approach [20, 3] . Furthermore calibrated submanifolds play a central role in these models [15, 14, 1, 2] . Analogous to the pseudoholomorphicity embedding condition, these calibrated submanifolds possess a set of equations known as the Monge-Ampére equations. This area might be a particularly fertile ground in which to seek more examples of dynamical constrained systems which, like the case of the pseudoholomorphic mappings into strictly almost Kähler manifolds, require a covariant Hamiltonian formalism. For example, Mark Gross [19] has suggested that the study of pseudo-holomorphic curves on symplectic manifolds with an almost complex structure is analogous to the study of special Lagrangian submanifolds (i.e. with the associated Monge-Ampére equations) on a complex manifold with an almost symplectic structure.
Another motivation for studying the multisymplectic formulation of field theory is the hope that a quantisation framework might arise which would be inherently free of the need for renormalisation. The same underlying philosophy was already evident in Dirac's attempts to reformulate classical electrodynamics, both as a two dimensional field theory and in terms of the dynamics of streams of matter [11, 12, 13, 10, 9] . Recent progress has been made in developing a quantised version of the covariant Hamiltonian formalism, see [29, 30] .
An outline of this paper is as follows:
1. We describe the multisymplectic manifolds that are the vertical covariant phase spaces of embeddings and pseudoholomorphic embeddings of Riemann surfaces into almost Kähler manifolds. The pseudoholomorphic embedding condition, expressed in terms of automorphisms of the tangent bundles of the ambient manifold and the embedded surface, leads to a splitting of the covariant phase space of embeddings and the subsequent identification of the covariant phase space of pseudoholomorphic embeddings as a certain subbundle. The fact that the phase space of pseudoholomphic embeddings is a particular subbundle of the phase space of all embeddings is the key to understanding the origin of the non-Abelian deformation algebra. The constraints defining the subbundle are such that they depend quintessentialy, in the nonintegrable case, on the derivatives of the induced coordinates with respect to both of the coordinates of the embedded surface. One cannot therefore conceive of the required phase space without the use of multimomenta. It is precisely this fact which has prevented any previous treatment within a manifestly non-covariant Hamiltonian framework. 2. In this section we derive the non-Abelian deformation algebra. The nonAbelian deformation algebra will be seen to arise by considering the vertical covariant phase space of pseudoholomorphic embeddings as being embedded into the vertical covariant phase space of embeddings. One therefore works with the algebra of observables obtained by pulling back the Leibniz-Poisson algebra of observables by the surjective submersion. 3. In [42] Witten postulated a certain nilpotent symmetry of a (supersymmetry) multiplet which he defined ab initio. In this section we show that this multiplet is in fact the set of 1-form observables induced on the graded covariant phase space of embeddings from the canonical 1-form observables on the graded covariant phase space of pseudoholomorphic embeddings. This demonstrates that the ground underlying Witten's definitions is the geometric apparatus of the covariant Hamiltonian BRST formalism of [22] . More precisely, the multiplet forms the local fibre coordinates of the graded covariant phase space of pseudoholomorphic mappings over the base space Σ. The structure of the multiplet, including the "dualities" imposed by Witten is thus seen to arise from the general multisymplectic BRST formalism of [22] . 4 . In this section we show that the nilpotent symmetry which Witten postulated is the covariant BRST symmetry arising as the BRST prolongation (see [22] ) of the non-Abelian deformation algebra derived in §2. Although, the nonAbelian deformation algebra has structure functions, and is therefore not a Lie algebra, we shall find that the Grassmann-odd generalised Hamiltonian 1-form, of the canonical form described in [22] , does indeed yield the nilpotent algebra postulated by Witten. Note that in [42] a Noether current is derived a posteriori from an action constructed from the postulated symmetry. We identify this "a posteriori derived object" with the "canonical" Grassmannodd momentum observable whose adjoint action (in the sense of the Leibniz bracket), generates the action induced by the prolongation to the graded covariant phase space of the original morphism of the configuration bundle. 5. We conclude this paper with an appendix on almost complex manifolds. This contains some important identities required for the establishment of the truth of certain statements contained in this paper.
Throughout this paper we use the vertical formalism of Kanatchikov, a brief review may be found in [22] . For further details see Kanatchikov's original papers [26, 27, 28] . We freely use the material contained in the papers [21, 22] throughout this paper, and therefore assume that the reader has these references to hand. This is a unavoidable consequence of the fact that this paper is a direct application of the structures expounded in [21, 22] . To have made this paper self contained would have involved an unacceptable amount of repetition.
The covariant phase space of pseudoholomorphic maps
In this section we shall systematically construct the covariant phase space of pseudoholomorphic mappings. We shall learn that the covariant phase space of pseudoholomorphic mappings is a certain subbundle of the covariant phase space of mappings. This will enable use to give an "extrinsic" description of the covariant phase space of pseudoholomorphic mappings defined by the vanishing of certain constraint functions. We find that bundle morphisms that give rise to the covaraiant phase space of pseudoholomorphic mappings are induced by the commuting diagram of pseudoholomorphicity, which follows by virtue of the structure of the vector bundle upon which it is modelled.
We begin by defining the configuration bundle whose sections are the graphs φ of maps of a Riemann surface (Σ, ǫ) with complex structure ǫ into an almost Kähler manifold with metric g, compatible almost complex structure J, and symplectic structure ω, viz. (M, ω, g, J), and the corresponding covariant configuration phase space bundle. . This leads to the following significant (in the sense that it defines naturally the phase spaces of pseudoholomorphic maps) geometric structure on the total space of the configuration phase space. 
the embeddings of Riemann surfaces into a symplectic manifold is the triple (E
Σ := M × Σ, π Σ , Σ).
Definition 1.2. The configuration phase space bundle of maps of
Moreover, one has the following double fibration over E Σ :
The double fibration
Proof. The splitting follows from the fact that on each fibre of (
1 , E Σ ) one has the decomposition of fibre coordinates:
Then one has an orthogonal fibrewise splitting
Then by definition one has
+ n. The double fibration follows by virtue of the fact that P+ − define surjective submersions.
The sections of (E Σ , π Σ , Σ) whose prolongations are then sections of the subbun-
Σ are precisely the pseudoholomorphic maps. This follows from
We thus achieve an intrinsic description of the covariant configuration phase space of pseudoholomorphic maps, for we have the following definition:
. The covariant configuration phase space bundle of pseudoholomorphic mappings of a Riemann surface into a symplectic manifold is the triple:
The local adapted coordinates on (
Note that all of Theorem 1.3 is equally valid if one replaces the first jet bundle by its affine dual. The covariant canonical phase space of pseudoholomorphic maps is thus also a geometric subbundle of the covariant phase space of all maps. We illustrate both of these structures, and define various surjections, in the diagrams below.
The Affine Duals. 
, therefore has the following local adapted coordinate expression: [26, 27, 28, 22] 
where
where j + is the canonical embedding of
In terms of the local adapted coordinates on
, induced by the surjection P + , the vertical Cartan 3-form Ω V + has coordinate expression:
We have thus achieved the construction of the vertical canonical covariant phase space of pseudoholomorphic maps as the multisymplectic manifold (
. One may consider the covariant phase space of pseudoholomorphic mappings as being embedded into the vertical covariant phase space of mappings. To effect this note that the subbundle defined by the vanishing of
is precisely the embedded covariant phase space of pseudoholomorphic mappings, where:
The algebra of observables on (
where {, } + is the Leibniz bracket corresponding to the Cartan form Ω V + . This is the "intrinsic" algebra of pseudoholomorphic observables. However we can also consider the "extrinsic" algebra of observables on the embedded covariant phase space of pseudoholomorphic mappings by pulling back the "extrinsic" algebra of observables by the surjection P + . The resultant graded Poisson-Leibniz algebra is:
where {, } ind + is the induced Leibniz bracket corresponding to the pulled-back Cartan form P *
In the next section we shall find that the non-Abelian deformation algebra lies within the "extrinsic" algebra of pseudoholomorphic observables. We shall also have need for the local coordinate expression of the induced Cartan form.
The induced Cartan form Ω ind := P * + Ω V + has the following local coordinate expression:
The second equality is immediate given the use of one of the identity A.15. Then because we are considering the vertical covariant phase space of pseudoholomorphic embeddings as being "embedded into" the vertical covariant phase space of embeddings, we have du
It then follows that:
As a point of interest we shall examine the canonical Leibniz brackets amongst the induced observables. The induced canonical 1-form observables form the tuple (u
The canonical Leibniz bracket 5 is:
The origin of the non-Abelian deformation algebra
Consider the graphs of embeddings of a differential manifold N into a differential manifold M where dim N<dimM. The local vector fields generating of infinitesimal deformations of the graph of a embedding at a given point is given by the local sections of the vertical bundle to π Σ , viz. Vπ Σ . The vertical bundle of π Σ is diffeomorphic the tangent bundle to M as a bundle over Σ. As is well known the canonical basis of the tangent space at that point consists of vector fields with vanishing Lie bracket. The algebra of deformations is thus Abelian and is known ab initio.
Let us examine this question from another view point. Consider the configuration bundle of embeddings. We note that the vector fields X corresponding to the infinitesimal deformations of graphs of the embeddings have local coordinate
They form a local basis of the vertical bundle Vπ
Σ , which is a particular instantiation of the Lagrange multiplier bundle introduced by the author in [22] . The local vector fields X i are, in fact, the Hamiltonian vector fields to the 1-form observables p i =: p 
The deformation algebra of mappings is Abelian:
For the pseudoholomorphic mappings with phase space (J 1 π * Σ + , Ω V + ) these infinitesimal deformations are generated by the Hamiltonian 1-forms p +i := p + α i dx α with corresponding Hamiltonian vector fields ∂/∂u i . The deformation algebra of the pseudoholomorphic mappings, in terms of the intrinsic geometry of its covariant phase space, is therefore Abelian, as expected ab initio, as it is simply inherited by being embedded within the larger class of all mappings:
The question then arises of how to make sense of the implicit use of a non-Abelian deformation algebra in Witten's treatment of the dynamics of Pseudoholomorphic mappings [42] , and from where does this non-Abelian algebra arise? It is to the solution of these enigmas that this section is devoted.
The key observation is to note that Witten 6 is not formulating the dynamics in terms of local coordinate expressions for observables on on J 1 π * Σ + but those on J −1 − [0], ie. in terms of the "extrinsic" observables.
The following theorem gives us the non-Abelian deformation algebra for the pseudoholomorphic embeddings of Riemann surfaces into strictly almost Kähler manifolds. Notice that if M where a Kähler manifold the algebra would again be Abelian! Theorem 2.1. The Poisson-Leibniz algebra generated by the induced momentum observables P *
Proof. The lifted momentum observable has the local coordinate expression, P *
This 1-form is Hamiltonian with respect to the Cartan form Ω
ind as may be verified by direct computation. The corresponding Hamiltonian vector field is given by:
One then finds that
Then by careful use of the identity ǫ 
Then by virtue of A.13 one has the desired result, viz:
The Vertical graded covariant phase space of Pseudoholomorphic embeddings
In [42] Witten postulated a certain nilpotent, Grassmann-odd symmetry of a (supersymmetry) multiplet which he defined ab initio. In this section we show that this multiplet is in fact the set of 1-form observables induced on of the graded covariant phase space of embeddings from the canonical 1-form observables on the graded covariant phase space of pseudoholomorphic embeddings. This demonstrates that the ground underlying Witten's definitions is the geometric apparatus of the covariant Hamiltonian BRST formalism [22] . In this section we freely use the material contained in [21, 22] and therefore assume that the reader has these references to hand.
We begin by defining the graded configuration bundle for embeddings of Riemann surfaces into the almost Kähler ambient manifold. We note that the vector fields X corresponding to the infinitesimal deformations of graphs of the embeddings have local coordinate expression X := ( 
10 The vertical covariant graded phase space of mappings is the quadruple (J 1 π ΠLΣ * , τ ΠLΣ , Σ, Ω V ΠLΣ ). The local adapted coordinates on the total space
). In terms these local coordinates the vertical Cartan form Ω V ΠLΣ has the following expression:
Which is to be regarded as modulo the image of the semi-basic Grassmann even forms Λ 
where dimJ 1 π
One also has the following double fibration over ΠV π Σ :
We are now in a position to make the following: , Ω
V ΠLΣ + ) where the Cartan 3-form is by definition Ω
The vertical graded covariant phase space of pseudoholomorphic embeddings has adapted local coordinates:
) form the multiplet introduced ab initio by Witten in [42] . We have thus elucidated their ground, as they form the fibre coordinates of the bundle whose total space is J 1 π
ΠLΣ * +
and whose base space is Σ. This bundle has the obvious canonical surjection. Furthermore, the coordinates (p + α i , P + α i ) satisfy the constraints imposed by Witten 11 , viz:
The algebra of observables on the vertical graded covariant phase space of pseudoholomorphic embeddings is the bi-graded Poisson-Leibniz algebra:
As we have seen in the previous section, the non-Abelian deformation algebra arose by considering the vertical covariant phase space of pseudoholomorphic embeddings as being embedded into the vertical covariant phase space of embeddings, that is J In the next section we shall calculate the BRST algebra corresponding to the non-Abelian algebra of observables. We must likewise work with the bi-graded Poisson-Leibniz algebra of observables induced by pulling back via the surjective 11 Note that the tuple (p + α i , P + α i ) correspond to the tuple (H α i , ̺ α i ) in [42] .
, and consider the graded vertical covariant phase space of pseudoholomorphic embeddings as being embedded into the graded vertical covariant phase space of embeddings, i.e. J −1
where the subbundle is defined by the vanishing of the constraint functions:
The algebra of observables is therefore:
When calculating the BRST algebra the relevant canonical 1-forms are those induced by the canonical 1-forms in Λ * (H
). The multiplet is therefore:
As a point of interest we shall examine the canonical Leibniz brackets amongst this quadruple of observables. The canonical Leibniz brackets 12 are:
where one observes on the right hand side the projected one forms dx α =:
This concludes the discussion of the vertical graded covariant phase spaces of embeddings and pseudoholomorphic embeddings. The author hopes that he has been able to communicate to the reader the greater tactility gained by the concrete geometric constructions of the vertical graded covariant phase space of pseudoholomorphic embeddings and the emergence of the required multiplet out of the geometric apparatus of covariant Hamiltonian BRST expounded in generality in [22] . This approach has already yielded the non-Abelian deformation algebra. In the section which is to follow we shall see that it will also yield the ensuing BRST algebra.
The derivation of the BRST algebra
In this section we show that the nilpotent symmetry which Witten postulated is the covariant BRST symmetry arising as the BRST prolongation (see [22] ) of the non-Abelian deformation algebra derived above.
First we must examine, explicitly, the local coordinate expression of the induced Cartan 3-form, P *
. In terms of the local adapted coordinates on J −1 − [0] it takes the form:
12 See the next section for more details.
Since, we are considering the graded vertical covariant phase space of pseudoholomorphic embeddings as being "embedded into" the graded vertical covariant phase space of embeddings, i.e. J −1
As a consequence we also have the alternate form:
Recall that corresponding to the bi-graded Poisson-Leibniz algebra of observables are Hamiltonian form-valued multivector fields. The correspondence, in this particular example, is given by the generalised multisymplectic structural equation:
where the vertical exterior derivative
H where d is the total exterior derivative and the horizontal derivative is d H = dx α ∂/∂x α . We shall use this equation shortly to calculate the form-valued multivector fields corresponding to the "generalised" Hamiltonian 1-forms constituting the multiplet
. In Theorem 2.1 we obtained the non-Abelian deformation algebra, viz.
In [22] we found that corresponding to a group, G, acting by morphisms of the configuration bundle there existed a BRST prolongation of this action to the graded covariant phase space. This prolongation is generated, via the adjoint action of the Leibniz bracket, by a certain generalised Hamiltonian Grassmann-odd form. If the Lie algebra corresponding to the group action satisfies {δ a , δ b } = C d ab δ d , where (δ a ) a=1,··· ,dimG is the covariant Noether current 14 dual to the covariant momentum map corresponding to the prolongation of the group action to the covariant phase space, then the covariant BRST Noether current takes the form:
Although the non-Abelian deformation algebra has structure functions, and is therefore not a Lie algebra, we shall find that the Grassmann-odd generalised Hamiltonian 1-form: (28) does indeed yield the nilpotent algebra postulated by Witten. Note that in [42] a Noether current is derived a posteriori from an action constructed from the postulated symmetry. We have thus identified this "a posteriori derived object" with the "canonical" Grassmann-odd momentum observable whose adjoint action (in the sense of the Leibniz bracket) generates the action induced by the prolongation to the graded covariant phase space of the original morphism of the configuration bundle.
As a preliminary step to the calculation of the BRST algebra we need the generalised Hamiltonian form-valued multivector fields corresponding to the multiplet of observables (
The explicit expressions in terms of the local adapted coordinates are obtained, by direct calculation, from 13 See [26, 27, 28] for further discussion. 14 These are (n-1)-forms when the base space of the configuration bundle has dimension n. the generalised multisymplectic structural equation. One finds that they take the following form:
We shall also require the following: 
where R kl n r is the Riemann curvature tensor and R kl is the Ricci tensor on the ambient almost Kähler manifold.
Proof. The first three, the seventh and the eighth terms are direct consequences of the Leibniz rule for the vertical exterior derivative. The remaining three terms are not immediate, but are consequences of the identities which are given in the appendix. Fourth term: by direct application of the Leibniz rule one and the use of identities A.14 and A.12 one obtains the following two terms which will form the fourth term, viz.
The first equality follows by an application of identity A.3 in the appendix. The third equality is a consequence of the fact that P They are defined to be those almost Hermitian manifolds whose almost complex structure obeys the identity:
A.1
One then obtains the quasi-Kähler manifolds by imposing the identity: Having described the wider context in which almost Kähler manifolds fit we now detail some identities which are satisfied by the corresponding almost complex structure. Knowledge of the wider context will prove to be useful in proving the various identities which follow.
As a consequence of the fact that the almost complex structure is an antiidempotent endomorphism of the tangent bundle, viz J m n J n l = −δ m l , one finds that:
Now consider the tensor C mij := J mn D [i J n j] which plays the role of structure functions for the non-Abelian deformation algebra.
A.4
The tensor C mij is therefore antisymmetric in all three indices. By virtue of the quasi-Kähler identity A.2 we have:
We now demonstrate that the covariant derivative of the structure functions satisfies an antisymmetry. More precisely: A.6 where we have used the complete antisymmetry of the structure functions and have carefully raised and lowered using the covariantly constant metric on M. Now we consider the second term, the antisymmetry of which will follow by demonstrating that the following is true: A.9 This identity is the origin of those terms which Witten called "...unpromising looking formulae". We may express the structure functions in the form C m kl = J mn D [k J l]n by careful lowering and raising using the metric on M. By virtue of the fact that the antisymmetrised covariant derivative of an antisymmetric covariant 2-tensor is equal to the antisymmetrised partial derivative we have: A.12
Clearly if we wanted to raise and lower indices as we have done above we would expect to obtain additional connection terms. We now establish that the following is true, viz: A.13
One of the additional connection terms that occurs here vanishes immediately because of the torsion free condition. The fact that only other term, viz. J n [l Γ q k]n J mq , vanishes is not so obvious. To show that this term vanishes we may make use of the known hierarchy of almost complex structures. The fact that an almost Kähler manifold is in fact almost Hermitian means that we may write the remaining additional term in terms of a Hermitian basis. In the Hermitian basis the almost complex structure may be written as (J To establish this identity observe that P − • DP + = −P + • DP − by virtue of the identity P − • P + = 0 and the Leibniz property of the covariant derivative. Furthermore since Im[P + ] ∩ Im[P − ] = ∅ one may conclude from the previous relation that P − • DP + = 0 and P + • DP − = 0. The fact that Ker[P − ] = Im[P + ] implies that DP + is in the image of P + proving the identity. One may establish the following identities by direct computation. 
